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1 Introduction
Working in sectors of large global charge leads to important simplifications in strongly
coupled and otherwise inaccessible conformal field theories (cfts) [1–3].
One striking feature of the large-charge expansion of the O(2N) model at the Wilson-
Fisher (wf) fixed point in 2+1 dimensions is that it appears to also work for small charges,
which taken as such is quite astounding: in general we expect the semiclassical expansion
to work for systems with a very large number of degrees of freedom. This fact came to
light first in the comparison of the large-charge prediction for the scaling dimension of the
lowest operator of charge Q with lattice results for the O(2) [4] and the O(4) [5] models.
It was noted that very few terms in the effective action were sufficient to reproduce the

















From the effective field theory (eft) point of view, there seems to no reason for the
large-charge predictions to keep working for small charges. But if we add another control-
ling parameter to the mix, we can go beyond the reach of the eft and try to understand
this behavior. This is for example the case when we study the large-N limit of the O(2N)
model at large charge [6, 7]. In the double-scaling limit Q→∞, N →∞, with Q/(2N) = q̂
constant it is possible to solve the problem exactly at leading order in N for any value of
q̂. Building on these results, in this paper we show that the large-charge expansion in the
double-scaling limit is asymptotic, and is closely related to the asymptotic Seeley-DeWitt
expansion of heat kernels and related ζ-functions on spheres [8, 9].
Asymptotic series are a common feature of perturbative solutions to quantum problems
as originally argued by Dyson [10]. This feature signals the presence of non-perturbative
phenomena in the theory, as was first quantitatively discussed in a series of papers by
Bender and Wu starting with [11] in the context of anaharmonic oscillators. The modern
approach to the subject goes under the name of resurgent asymptotics, or simply resurgence,
and originates from Écalle’s works [12]. Modern reviews on the subject and on applications
in physics and mathematics are [13, 14] to which we refer for a complete list of references.
We will use resurgent methods to show which non-perturbative contributions are present
in the double-scaling limit of the large-charge expansion and how non-perturbative am-
biguities cancel. The final result is an extrapolation to small charge which matches the
small-charge expansion with excellent precision.
We develop a geometric picture interpreting the exponential corrections to the per-
turbative series as worldline instantons describing a particle of mass equal to the chemical
potential µ moving along geodesics. We also find a geometric interpretation of the lateral
Borel resummation in terms of unstable worldline modes.
We conjecture this picture to be robust enough to carry over to the general case of
finite N , lending credibility to the general validity of our observations made in the double-
scaling limit. Assuming that the qualitative features of the worldline instanton persist also
for finiteN , we can use the knowledge of the leading exponential effects to derive constraints
on the perturbative expansion, even though in this case, the coefficients are not accessible
within the eft. We find that a few terms (of order N∗ ≈
√
Q) are enough to describe
the theory also at small charge with a precision of order 1%, in agreement with the lattice
estimates. The same geometric picture also appears in the case of supersymmetric systems.
For example, in N = 2 sqcd at large R-charge similar non-perturbative contributions were
discussed numerically [15–17] and analytically in the double scaling limit in [18–21] and were
found to be consistent with the propagation of massive hypermultiplets around geodesics.
It is interesting that the leading non-perturbative effects are “classical”, in the sense
that they are a consequence of the effective action itself being an asymptotic expansion,
growing as (2n)!. They scale as e−q̂1/2 , while more traditional instantons associated to
Feynamn diagram proliferation are controlled by e−q̂3/2 and are thus suppressed. The
same (2n)! factorial growth is found also in computations of effective actions of the Euler-
Heisenberg type [22], see also [23] for a comprehensive review. In those instances, it has been
shown [24, 25] that this faster-than-factorial growth is driven by worldline instantons, as it
turns out to be also in the present work. This is also reminiscent of the situation in string

















The plan of this note is as follows. In section 2, we study the asymptotics of the
O(2N) model in the double-scaling limit with resurgence methods. As specific examples, we
discuss the model on the torus (section 2.2) and on the sphere (section 2.3), giving both the
perturbation series and the exponentially suppressed non-perturbative corrections. These
examples have special features due to their geometry — the perturbation series of the torus
consists of a single term due to the vanishing of the curvature. The case of the sphere is more
involved — in fact, we need to supplement our resurgence calculation with a physical input
on how to resolve the ambiguities. This input is provided in section 3, where we reformulate
our problem as the quantum mechanics of a particle moving on closed geodesics. We recast
the heat-kernel as a path integral (section 3.1) and discuss again the torus (section 3.2)
and sphere (section 3.3) examples. In section 4, we combine the results of the previous
two sections and obtain the exact form of the grand potential for any value of the charge.
This is substantiated numerically against the small-charge expansion. In section 5, we go
beyond the double-scaling limit by arguing that the geometric interpretation in terms of
worldline geodesics works for the general case. Assuming the large-charge expansion to
always be an asymptotic series for any N , we can give the optimal truncation as a function
of the charge. This result is borne out by the observations made on the lattice. In section 6,
we summarize our result and point out future lines of investigations.
In the appendix we summarize the prerequisites of large charge at large N (ap-
pendix A), introduce some basic facts about resurgence (appendix B), discuss Lipatov’s
instantons (appendix C), discuss the optimal truncation in the double-scaling limit (ap-
pendix D), and present a simple worked-out example of resurgent analysis which is relevant
for section 2 (appendix E).
2 Asymptotics at large charge
We start with the Landau-Ginzburg model for 2N real scalar fields in the vector repre-
sentation of O(2N) (which we encode as N complex fields) in (1 + 2) dimensions with
Euclidean signature on (R ×M), where M is a Riemann surface. Including all terms up


















This model flows to the wf fixed point in the infrared (ir) limit u→∞ when r is fine-tuned
to the value of the conformal coupling.
2.1 Results from large N
We are interested in the free energy of the O(2N) vector model at criticality. We want
to work in a sector of fixed charge Q which corresponds to considering the completely
symmetric representation of rank Q of the global symmetry group O(2N) [5–7, 26]. We
take the double-scaling limit

















The main result of [6] is that the free energy can be expressed as the Legendre transform
of a zeta function (see appendix A for details). Let f(q̂) = F/(2N) be the free energy per
degree of freedom (dof), ω(µ) the grand potential, and µ the chemical potential. We have
f(q̂) = sup
µ
(µq̂ − ω(µ)), (2.3)









(λj + µ2)−s. (2.6)
The large-q̂ regime corresponds to large chemical potential µ. In this case it is convenient
to write the zeta function in the Mellin representation











If µ is large, the integral localizes around t = 0. This reduces the large-charge problem to
the classical problem of the Weyl asymptotic expansion of the heat kernel, which can be







1 + R12 t+ . . .
)
. (2.8)
In the following we will concentrate on the examples of the torus M = T 2 and the sphere
M = S2. We choose the former because of its simplicity and the latter because we can
identify the free energy on the sphere with the conformal dimension of the lowest operator
of charge Q using the state-operator correspondence. In the case of T 2, the Weyl expansion
contains only the leading term because all the others are proportional to the curvature. In
the case of S2 we will see that the series is asymptotic and can be studied with the methods
of resurgence theory.
2.2 The torus
Our first example is the torus M = T 2. This case is particularly simple because the
free energy can be written exactly, but it is interesting because it shows some qualitative
properties that are general.
Consider a square torus of side L. All but the first Seeley-DeWitt coefficients vanish,














































∣∣∣∣T 2, µ) = L2µ312π . (2.12)
These expressions are perturbatively exact at leading order in large µ (respectively q̂), but




corrections in eq. (2.9) are known in closed







∣∣∣∣ k1, k2 ∈ Z}, (2.13)


































where ‖k‖2 = k21 +k22, and the prime indicates that the sum does not include the zero mode.
This expression is exact and valid also for finite t, which allows us to find the subleading
contribution for µ→∞ of the ζ-function:













where Kn(z) is the modified Bessel function of the second kind. The subleading terms in































+ . . .
)
. (2.18)
The relation between the Legendre-conjugate variables q̂ and µ is computed recursively,
so that further corrections to the free energy are present. However, even extrapolating to






















For completeness we can also evaluate the small-µ behavior of the grand potential.















































where the zeta function on the torus is given by the Chowla-Selberg formula [29]:


















In this way we obtain a sum that can be proven to be convergent, whose first few terms are
ω(µ) = 0.64443 . . .
L
− 12µ+ 0.20064 . . . µ
2L+ 0.00816 . . . µ4L3 + . . . . (2.22)
The expression for the grand potential in eq. (2.17) has the generic form that we
will encounter: a perturbative expansion in µ (which here contains a single term) plus
exponentially suppressed terms controlled by the dimensionless parameter µL, where L is
the typical scale of the manifold M. Equivalently, the free energy is written as a double
expansion in the two parameters 1/q̂ and e−
√
4πq̂.1 These structures are known as trans-
series and appear naturally in perturbative problems. In general, given a problem with a
small parameter z, a trans-series solution for z → 0 has the form





Generically, all Φ(k)(z) are asymptotic series, in particular Φ(0) is the (formal) solution
of the perturbative problem. For this reason, these expressions make sense only once a
prescription for the summation of these series is given. We will discuss this issue in the
next section. Resurgent trans-series are characterized by a specific set of relations between
the numbers Ak, βk, bk and the series Φ(k). Thanks to these relations, it is possible to fix
the value of the trans-series parameters σk ∈ C such that an appropriate summation of the
1Note the square root in the exponential, suggesting that there are non-perturbative effects more impor-






















trans-series produces an unambiguous full function which has Φ(0) as leading perturbative
asymptotic expansion. Such a function is known as resurgent function. For a more complete
treatment of the subject we refer to [13, 30].
The heat trace on T 2 indeed has this form, but trivially all Φ(k) are one-loop exact.
No ambiguities related to asymptotic series are present, so the resurgent function solution
coincides with its trans-series representation, which is just the function θ3. As we will see,
this simple result does not carry over to the case ofM = S2.
2.3 The sphere
Next we study the case of the sphere of radius r, M = S2. Now the small-t behavior of
the heat kernel can be represented in terms of an asymptotic series, whose coefficients are
the well-known Seeley-DeWitt coefficients for S2. We will show how the heat trace can
be recast into a trans-series form. This series is not Borel resummable, and we will need
to supplement the perturbative expansion with non-perturbative exponentials in order to
make sense of it. These exponentials have a clear interpretation in terms of worldline
instantons, and the non-perturbative ambiguities are related to tachyonic instabilities as
we will see in section 3.1.





∣∣∣∣` ∈ N} (2.24)
and each eigenvalue has multiplicity (2`+ 1). Like in the case of the torus, the trace sum
can be rewritten using Poisson resummation after some massaging (see e.g. [31]).





















































In the last line we have introduced the Dawson’s function2 F (z) which is related to the
imaginary error function:
































































where B2n are the Bernoulli numbers. This expression was already discussed in [32], based
on previous work in [33]. The series is asymptotic since at large n the Seeley-DeWitt
coefficients diverge like n!:
B2n = (−1)n+1
2(2n)!








This divergence is a direct consequence of the expansion of the Dawson’s function eq. (2.27),
which is itself asymptotic.
This expansion is only valid formally and needs a summing prescription. We assume
that this series can be completed into a resurgent trans-series, and that an appropriate
summation procedure leads to an unambiguous solution in terms of a resurgent function.
The first step is to identify the correct form of the non-perturbative corrections in the
generic trans-series of eq. (2.23), where the perturbative expansion in eq. (2.28) plays the











where we employed z = t/r2. One of the main results concerning resurgent functions is that
the coefficients a(k)` of the series Φ(k>0) together with the numbers β,Ak, bk are encoded in














kΓ(βkn+ bk − `), (2.31)
where the Sk are Stokes constants.3 In our case we have complete knowledge of the an.





= (2−2n+1 − 1)(−1)n+1 (2π)
2n
(2n)! B2n, (2.32)









Comparing the two expressions we find
β = 1, bk =
1









>0 = 0. (2.34)

















The series around each exponential are truncated to only one term. This shows that a
















These contributions to the trans-series representations are defined up to a k-dependent
complex constant (the trans-series parameters σk in eq. (2.23)). The large-order analysis
of Φ(0) cannot fix these constants, which is a reflection of the fact that for any choice of
σk, the resulting trans-series has Φ(0) as perturbative asymptotics.
Grand potential and free energy. The grand potential and the free energy are them-
selves asymptotic series. Being related to the Mellin transform of the heat trace, these
quantities are higher factorially divergent. This seems to be a feature of the model in the
double scaling limit eq. (2.2): the large-charge expansion of the conformal dimension is
asymptotic and the coefficients in the series diverge like (2n)!. We will argue in section 5
that this feature is a general feature of large-charge limits.
A similar large-order analysis can be carried out for the large-µ expansion of the zeta
function,








It is convenient to use the conformal Laplacian, which amounts to a shift µ2 → µ2 −









As expected, this is an expansion around m ∼ µ → ∞, with coefficients related to the
Seeley-DeWitt coefficients on S2 that we have computed in eq. (2.29). Note that the extra
gamma function gives rise to a further n! enhancement of the large-order divergence. For















+ . . . (2.38)
















The double gamma function renders the matching with the general behavior of the higher-




















































This relation allows us to match with the generic large-order behavior eq. (2.31), where
z = 1/(mr)2, obtaining
β = 2, bk = −
3


































We find again the same structure of non-perturbative corrections that we had seen on the
torus. They are controlled by the exponential of the typical length of the manifold 2πr
and the chemical potential µ.
The coefficients γ` are factorially growing and alternating in sign. They can be shown













as z →∞. (2.43)
This fact will become relevant when we discuss Borel resummation.
Now that we have understood the behavior of the grand potential, we can move to the
free energy. The Legendre transform can be computed order by order in q̂ starting from
the perturbative part:
q̂ = ddµω(µ) =⇒ rm(q̂) = q̂
1/2 − 124 q̂
−1/2 + 435760 q̂
−3/2 + . . . (2.44)
f(q̂) = µq̂ − ω(µ) =⇒ f(q̂) = 23r q̂
3/2 + 16r q̂
1/2 − 7720r q̂
−1/2 + . . . (2.45)
This is an asymptotic series. For the scope of this work, it is sufficient to consider just
the leading non-perturbative terms appearing in f(q̂) and thus in the critical exponents.
These already give a high level of precision when matching to the small-charge result, and








q̂ + . . . (2.46)
This corresponds to a 2n! factorial divergence of the perturbative series of f(q̂), or equiv-
alently of the critical exponents of the model (see figure 1).
From the point of view of the eft, the (2n)! divergence is a tree-level effect. If we
identify the grand potential with an effective action (see section 5 for details), the Wilsonian
coefficients form a divergent series. This is to be compared with the n! divergence that we
generically expect in qft from the proliferation of Feynman diagrams (see appendix C for a
discussion of Lipatov’s instantons). In the regime under discussion, the classical divergence
is more important than the quantum one.
Having the explicit expressions for all the terms in the perturbative series, it is possible
to extrapolate the result to arbitrarily small charge if we manage to resum the associated
trans-series into a resurgent function. This can be done using Borel resummation, as shown































Figure 1. Ratio rn = n−2fn+1/fn for the coefficients in the expansion of the free energy, together
with the first three Shank transforms [34] as function of n. The convergence at large n to a constant
value of O(1) indicates a double-factorial leading behavior fn ∼ (n!)2, as expected from the form
of the non-perturbative contributions.
Borel resummation. In the first part of this section we have constructed the general
form of non-perturbative terms associated to our factorially divergent series that we have
assumed to be the asymptotics of a resurgent function. We are however still left with
the problem of giving a meaning to the factorially divergent series we started with. The
Borel resummation is a prescription that achieves this goal, systematically incorporating
the non-perturbative terms that we have found (see appendix B for a short discussion).
Let us start with the Borel transform of the heat trace expansion in eq. (2.28).4 In
the case of M = S2 we have the luxury of having a closed-form expression for the Borel









sin ζ , (2.47)




















sin ζ . (2.49)
This is the integral representation of the S2 heat trace originally found in [35] and recovered
here as a Borel integral.
4We divide out the prefactor r2/t in order to work with power series with positive powers only. It can
be re-introduced at the end of the analysis.
5This definition is equivalent to the one given in appendix B up to the mapping ζ → ζ2. In this way we





















Figure 2. Pole structure and integration contours C± for the lateral Borel transform of the trace
of the heat kernel on S2. The two choices differ by the residues at y = kπ, k = 1, 2, . . . .
The Borel integral however is ill-defined: the integrand has simple poles on the inte-
gration path for ζ = kπ, k =∈ Z+, which indicate that the series is not Borel summable
and θ = 0 is a Stokes line. We thus define lateral Borel transforms S±{Φ(0)}(t), whose in-
tegration contours pass over or under the poles (see figure 2). This introduces the following
ambiguity in the summation:



















which matches exactly with eq. (2.35). Each term corresponds to a pole on the positive
real axis in the Borel plane. For either choice of the contour, the path moves away from
the real axis and the integral picks up an imaginary contribution. Thus, the (ambiguous)





























An analogous treatment can be carried out for the grand potential starting from the per-
turbative coefficients in eq. (2.39). However, the Borel transform of ω(0) does not have a
neat closed form. Instead, we apply the Mellin transform to the Borel resummation of the


















The Mellin integral has been analytically continued so that it is convergent for s = −1/2.







































From this expression we can identify the (non-standard) Borel resummation of the series













It has a discontinuity,






which turns out to be in perfect agreement with the result that we had found above in
eq. (2.42). In the analysis of the heat kernel we had found that the non-perturbative contri-
butions are semiclassically exact, i.e. consist of only one term. The same applies also to the
grand potential: we still have only one term but the non-perturbative corrections contain
a Bessel function instead of the usual instanton-like exponentials typical of qft problems.
The non-perturbative ambiguities from the Borel summation in the grand potential
and the free energy are related to the ones appearing in the heat trace in eq. (2.51). They
can be fixed in different ways:
• Imposing the reality of the heat trace in eq. (2.51) for t ∈ R+. In general this is not
guaranteed to fix completely the parameters σk, but in our case it turns out to be
sufficient (see appendix E) and one finds σ±k = ±1/2, which implies Sk = 1 for all












































which is unambiguous and real, despite the appearances. This usually holds for
various systems involving ordinary differential equations (odes) [36]. Even though the
heat trace is the solution of a non-linear partial differential equation (pde) (the heat
equation) at coincident points, it is interesting to see how its trans-series structure
can be deduced from a linear Dawson’s ode.
• Finding a (path-)integral definition of the heat trace, where a trans-series struc-
ture arises automatically from the semiclassical expansion around non-trivial saddle
points. For ordinary integrals it has been shown in [37] that such a reality prescrip-
tion is sufficient as it yields the Lefschetz thimble decomposition of the integral. The
same authors have shown that in the case of path integrals, also unstable saddles
play a role in the cancellation of ambiguities. We will pursue this direction further
in the next section and show that a similar phenomenon arises in a path integral


















It has been known since the work of Feynman that Green’s functions of elliptic opera-
tors can admit a representation in terms of quantum mechanical path integrals. In the
worldline formalism, see [38] and references therein, one constructs an appropriate quan-
tum mechanics path integral which computes the determinant of a given operator. It has
been successfully applied to the computation of qft amplitudes and effective actions on
classical field backgrounds. Heat kernels can be represented as the worldline integral of a
free particle moving on the curved manifold of interest. However, quantum mechanics on
curved space is not a trivial subject, and has been known since DeWitt [39] to be plagued
with ambiguities related to the problem of defining path-integral measures on curved space.
Most of the difficulties have been solved in the past years and have lead to a perturbative
definition of such path integrals, see for example [40], which have been shown to match the
first few Seeley-DeWitt coefficients on general manifolds [41].
In this section we will use the worldline approach to show that the trans-series eq. (2.56)
can be obtained as a saddle-point approximation as t → 0+ of an appropriate quantum
mechanical path integral computing the heat trace. This results in an entirely geometric
interpretation of the non-perturbative terms and ambiguities that appear in the resurgent
analysis. This same structure carries over from the heat trace to the grand potential ω, and
ultimately to the large-charge expansion of the conformal dimension in the double-scaling
limit of the O(2N) model.
3.1 The heat kernel as a path integral





















This functional determinant computes the grand potential ω(µ), see appendix A.
On a product manifold such as R×M the trace in the Schwinger integral factorizes,




















The idea is to interpret the heat trace as the partition function for a particle at inverse
temperature t and Hamiltonian H = −4 , i.e. a free quantum particle moving onM [41–





where gµν is the metric onM and xµ : (0, t)→M is the worldline described by the motion


























We will take this path integral as the definition of the heat trace. Note however that
the application of the Feynman-Kac formula is quite involved because of the intrinsic
diffeomorphism invariance and of the ordering ambiguities introduced by the curvature
terms in the quantization of the Hamiltonian. All these issues have been resolved for the
semiclassical expansion of eq. (3.4) around the trivial loop xµcl(τ) = 0.
In this work we take advantage of the fact that all these modifications are subleading
in the expansion as t → 0+. This is in fact a semiclassical expansion: after rescaling the




dτ gµν(x)ẋµẋν , (3.5)
and the small-t expansion of the heat kernel corresponds to the expansion in ~ in this
quantum mechanical system. In this limit, the path integral localizes around the saddle
points of S[x] and we can expand it perturbatively in powers of t.





cl = 0, (3.6)
so that the heat trace path integral localizes on a sum over all the closed geodesics γ onM.
These non-trivial geodesics are the equivalent of the worldline instantons in [24, 25] which
govern the non-perturbative contributions to Euler-Heisenberg-type Lagrangians [23].
Ordinary instanton calculus shows that, in general, each of these saddles will come
with its own perturbative series in t, weighted by e−`(γ)2/(4t), where `(γ) is the length of γ,



















where the sum runs over the non-trivial geodesics, and the bγ depend on the geometry. The
sequences a(γ)n are generally expected to be factorially growing by usual Feynman graph
proliferation arguments.
The similarity with the structure of the generic trans-series in eq. (2.23) is not a
coincidence: the latter were introduced to match semiclassical expansions, where they
appear naturally. However, there is a conceptual difference with respect to the resurgent
analysis carried on in the previous section. Resurgence does not rely on the existence of a
non-perturbative definition of the observable we want to compute (such as a path integral
definition). For this reason there is in general no geometric interpretation of the trans-
series structure and there are ambiguities which cannot be fixed a priori. In our case we
6The action has a reparametrization invariance which we have fixed, which appears as a gauge-invariance

















have shown that the ambiguities can be removed by just imposing the reality of the end
result. In the following we will see that the path integral definition reproduces the result
eq. (2.56) without further input.
3.2 The torus
In this section we review the derivation of the heat trace on T 2 that we have found in
eq. (2.15) via a path integral prescription.
Consider a square torus of side L, with metric
ds2 = gij dxi dxj = (dx1)2 + (dx2)2. (3.8)
Since the torus is flat, no subtleties related to curved space arise and our working definition














In the limit t→ 0+ it can be computed semiclassically via saddle-point approximation.
We represent the torus as R2 with the identifications xi ' xi + L. If we fix a point,
say the origin, we obtain a lattice Z2 of equivalent points. The closed geodesics passing
through this point are straight lines joining the origin with another point of the lattice (see
figure 3). This means that closed geodesics can be labeled by pairs of integers (k1, k2) (this
includes the trivial geodesic of zero length). The corresponding length is simply
`(k1, k2) = L
√
k21 + k22. (3.10)
The field in the path integral can be decomposed as the sum of the classical solutions
Xicl and fluctuations hi(τ),
Xi(τ) = Xicl(τ) + hi(τ) = kiLτ + hi(τ). (3.11)
The action is just quadratic since T 2 is flat, and we can separate the two contributions:


































where we have added the integral over the fixed point x through which each geodesic passes.
The remaining path integral is Gaussian and can be defined, for example in zeta-function




























Figure 3. Closed geodesics on the torus labeled by the integers (1, 3) (blue) and (5, 2) (red) as
segments in R2 and on a three-dimensional rendering.













which is precisely the right-hand side of the Poisson resummation formula used in eq. (2.15).
This correspondence is known in the literature as spectrum-geodesic duality on com-
pact manifolds. For each eigenvalue of the Laplacian there is a corresponding closed
geodesic, see [43, 44] for a review. There exist (Selberg-like) trace formulas which realize
this duality for the heat trace, and the right hand-side can be interpreted as a saddle-point
approximation of an appropriate path integral. In the torus case, the duality is realized
via Poisson resummation.
3.3 The sphere
In the case ofM = S2 the subtleties related to curved space play a role. As mentioned at











We will use standard polar coordinates on the sphere xµ = (θ, φ) so that the volume element
is Dxµ = sin(θ)DθDφ. These will be our worldline fields, with action and equations of












φ̈+ 2 cot(θ)θ̇φ̇ = 0,
θ̈ − φ̇2 sin(2θ) = 0.
(3.17)
As we are ultimately interested in the heat trace we consider coincident endpoints xµ(0) =
xµ(1) = (π/2, 0).7
7Note that the action eq. (3.16) in these coordinates is not rotationally invariant in θ as there are two
singular points (the poles). However, this appears only at higher order in t, so that the leading order in

















There are infinitely many winding geodesics which solve the eom which are parametrized as
θcl(τ) = π/2, φcl(τ) = 2πkτ, k ∈ Z, (3.18)
where we allow φ to extend beyond its domain with the identification φ ∼ φ + 2π. If
we introduce the fluctuations hθ, hφ around these solutions, satisfying Dirichlet boundary
conditions, we can formally rewrite the heat kernel at coincident points as






















terms”) gives contributions that are higher order in t. The leading order is obtained
by computing the appropriate functional determinant from the quadratic action of the
fluctuations.
The integral in hφ is massless and reproduces our normalization convention (3.14) with
the substitution t→ t/r2.
The integral over hθ, on the other hand, contains a zero-mode and multiple negative












hnθ (τ) = λnhnθ (τ), (3.20)
which can be written explicitly as
hnθ =
√














For n = 2k there is a zero mode that needs to be treated separately, while the (2k −
1) modes hn<2kθ are tachyonic. The presence of negative modes is not surprising, since
π1(S2) = 0. These winding geodesics are not stable as they can be contracted to a point
(see figure 4), in contrast to what happened in the torus case, where winding geodesics are
topologically stable saddles.
The zero mode corresponds to a rigid rotation of the sphere, which is a symmetry of
the quadratic action. In fact, it is easy to see thatθαcl =
π
2 + α sin(2πkτ),
φcl = 2πkτ,
(3.23)
is a family of solutions of the eom (3.17) at leading order in the modulus α ∈ (0, π). This

















Figure 4. Unstable mode n = 1 (left), zero mode n = 2 (middle) and massive mode n = 8 (right)
for the fluctuations around a geodesic winding once around the sphere (red).
integral over the mode amplitude c2k for an integral over the modulus α, which parametrizes








































where we divided and multiplied by the n = 2k eigenvalue of ∂2τ in order to recover our










































Γ(4k + 1) =
1
2 . (3.27)
We have introduced the Morse index νq which arises naturally for functional determinants
with q negative modes [46], and can be interpreted as an analog of the intersection numbers
arising in the Lefschetz thimble decomposition of ordinary integrals. In our computation, it
is related to the fact that Gaussian integrals for negative modes have a two-fold ambiguity












In the computation of the determinant of eq. (3.27) we have factored out these q = 2k− 1
independent phases in order for each term in the infinite product to be positive definite.

















The choice of each of these phases is independent for each negative mode. We choose the
same continuation procedure for each of them, so that
e
iπνq
2 = (±i)2k−1 = ∓i(−1)k. (3.29)


















t (1 +O(t)). (3.30)
This expression matches exactly the unambiguous trans-series representation in eq. (2.56).
Our prescription does not allow us to compute next-to-leading order contributions
within each sector, which would also include the conformal coupling. However, there is a
prescription that computes the Seeley-DeWitt coefficients in the perturbative sector via a
diagram expansion, see for example [47]. To our knowledge, there has been no attempt to
reproduce the fluctuations around non-trivial sectors. While no fundamental obstructions
are expected, to obtain a one-loop exact structure of the form suggested by the non-
perturbative corrections in eq. (2.56) would require highly non-trivial cancellations in the
absence of supersymmetry.
While this is beyond the scope of this work, the matching we have obtained permits
us to draw interesting conclusions:
• The trans-series structure of the heat trace on S2, and consequently of the scaling
dimensions of large-charge operators of the O(2N) model, is entirely determined by
geometric considerations.
• The saddles driving factorial growth in the large-charge expansion do not need to
be stable. While topological arguments are usually taken as a guideline to the non-
perturbative structure of the model, resurgent asymptotics can be driven also by
saddles in the same topological class, such as great circles on S2. This was already
observed for two-dimensional field theories in [37].
• The presence of negative modes and the choice of the continuation in eq. (3.28)
giving rise to the non-trivial Morse index are a geometric realization of the Borel
ambiguity in the resurgence computation of eq. (2.56). Different choices of these
phases correspond to the different paths that avoid singularities in the Borel plane in
all possible ways. This is ultimately related to the Lefschetz thimble decomposition
of (path-)integrals [48].
4 Comparison with the small charge expansion
Up to this point we have discussed the large-q̂ limit and its resurgence properties. In fact,

















convergent expansion of the grand potential as a function of µ. Using the definition of the
































Once again we notice that the correct expansion variable is m2 = µ2 − 14r2 . The formula












This expansion is convergent rather than asymptotic, with radius of convergence |rm| <
1/2. This corresponds to the value µ2 = 0, which turns the ` = 0 mode into a zero mode
in the expansion of eq. (4.1). Importantly, the singularity which determines the radius of
convergence is found at the negative value m2 = −1/(4r2). For this reason the expansions
for m2 → 0+ and m2 →∞ admit a smooth interpolation for all m2 > 0.
The Legendre relation between µ, q̂ has to be solved order by order. We give here the
first few orders, which can be computed analytically in closed form:











384− 48π2 + π4
)
q̂4
3π6 . . . (4.4)











384− 48π2 + π4
)
q̂3
3π6 + . . . (4.5)
The free energy is also a convergent expansion, with estimated radius of convergence |q̂| /
0.28 . . . . Again, the leading singularity is found at negative values of q̂ so that the small
and large-charge regimes can be connected without obstructions. This expansion can be
in principle computed within perturbation theory around the uncharged vacuum of the
O(2N) cft. It turns out to be in general asymptotic, but becomes convergent at leading
order in large N .
This result is to compared with our expression for the grand potential in eq. (2.53)











In figure 5 we compare the real and imaginary part of the lateral Borel summation of the

















Figure 5. Real and imaginary part of the lateral Borel summation for the grand potential (dots)
compared to the small-charge expansion and the exponential corrections from worldline instantons
(continuous line) as function of mr. The two approaches agree completely at the level of resolution
of our numerical computation. The small-charge expansion is not convergent in the shaded region.
the exponential correction. The two approaches agree completely at the level of resolution
of our numerical computation. For example atmr = 0.4, which corresponds to q̂ ' 0.187 . . .








= 0.012 777 297 69 . . . (4.8)
The limiting factor in the resurgence result seems to be computer time: each added digit in
precision takes approximately ten times longer than the previous one. The relative error is
of order 8× 10−8, which is six orders of magnitude smaller than the exponential correction
e−2π×0.4 ≈ 8 × 10−2. This is strong evidence that we have taken all non-perturbative
corrections into account.
5 Lessons from large N
In this section we would like to use the exact results that we have obtained in the double-
scaling limit [6] to derive some general features of the large-charge expansion. In the eft
approach to strongly coupled cfts at large charge, one studies the system on a manifold
M of typical length L and considers sectors of fixed charge Q. This allows us to write an
eft with a cutoff Λ that is bounded by the energy scales Λlow = 1/L fixed by the geometry,







is satisfied, the eft is weakly coupled and controlled by the ratio of the two scales 1/Q1/d.
Lorentz invariance fixes the actual coupling to be 1/Q2/d. Scale invariance fixes the dimen-
sion of the terms in the action: for a class of systems that includes the wf point, the eft

















fixed charge χ0 = µt. The action takes the form
Left = ω0(∂µχ∂µχ)3/2 + ω1(∂µχ∂µχ)1/2 + . . . , (5.2)
where we have specialized to the case of 2+1 dimensions. Physical quantities are expressed
as series in 1/Q. The energy on the two-sphere for example, which via the state-operator
correspondence is proportional to the conformal dimension of the lowest operator of charge





3/2 + f1Q1/2 + . . .
)
, (5.3)
where the coefficients fn cannot be computed within the eft: they enter as an input and
have to be computed independently, e.g. in a double-scaling limit [26, 49–60] or on the
lattice [4, 5].
In our double-scaling limit, the quantities that we have studied above correspond to the






and the free energy is the corresponding ground state energy. From the formula for the
free energy in eq. (2.45) we can infer that in the large-N limit of the O(2N) wf point, the











Even if these coefficients cannot be computed within the eft, we can still use our
non-perturbative analysis to say something about their generic large-order behavior. To
do so, we make the following assumptions for any N :
1. the large-charge expansion is asymptotic;
2. the leading singularity in the Borel plane can be obtained as the first non-trivial
saddle of a worldline integral for a particle of mass proportional to µ.
This second assumption relies on the fact that we are describing a cft which has no
intrinsic scales. The only dimensionful parameter is related to the fixed charge density.9
This means that we expect the conformal dimensions to take the form of a double















+ . . . , (5.6)
9The proportionality factor is fixed by the mass of the lightest mode in the spectrum. For N > 1 one
can further conjecture this to be a gapped Goldstone (see [61]) whose mass µ is fixed by symmetry and

























1/2 + . . . (5.7)
Note that the second series is an expansion in 1/Q1/2, in agreement with the explicit
expression found in eq. (2.42).10
The large-order behavior of the perturbative series in 1/Q is related to the parameters
appearing in the non-perturbative part. For this reason we can turn our conjecture on the
form of the exponential term into a universal prediction for the large-order behavior of the





one obtains an optimal truncation of the perturbative series for the value N∗ corresponding




The error is of order
ε(Q) ∼ e−(AQ)1/β . (5.10)
In our problem we can invert the usual logic. As we assume the form of the (leading)
non-perturbative terms to be the same for any N , from eq. (5.6) we read
β = 2, A = 9π2$2f20 , (5.11)





which is optimally truncated at
N∗ ≈ 3π$f02 Q
1/2. (5.13)
The (2n)! divergence is semi-classical and is the leading contribution to the nonpertur-
bative effects. The usual instantons associated to quantum corrections grow as n! and are
of order e−Q3/2 , see appendix C. Note that there is an interplay between the small-n and
large-n coefficients. The non-perturbative expansion is associated to the large-n behavior
of the fn via resurgence and to the small-n coefficients via the eom in eq. (5.7). This is
the reason why we can write the optimal truncation in terms of the lowest coefficient f0.
This analysis helps to shed some light on the lattice results concerning the O(2) and
O(4) model [4, 5]. It was remarked in these papers that the large-charge expansion re-
mains very good also for small values of Q and that a few terms are sufficient to predict
10This trans-series structure, with expansion in Q1/2 in the non-perturbative sector, is also found in the


















the conformal dimensions of the lowest operators. Generically we expect f0 to be of order
one. In fact, lattice estimates for the O(2) and O(4) model give, respectively, f0 ∼ 0.337(3)
and f0 ∼ 0.301(3). Under the previous assumptions, our formula predicts that the optimal










. This is perfectly consis-
tent with the numerical results. In [4, 5] it has been observed that the first two or three
terms in the expansion are sufficient to reproduce the lattice results with great accuracy









, to be compared to e−π ≈ 4× 10−2 and e−π
√
11 ≈ 3× 10−5.
6 Conclusions and outlook
In this note, we have used resurgence methods to analyze and extend the large-charge
expansion of the O(2N) vector model in three dimensions at the Wilson-Fisher point using
results from the double-scaling limit Q → ∞, N → ∞, with Q/(2N) = q̂ constant. We
have studied in detail the cases of the model compactified both on the two-torus and the
two-sphere which, via the state-operator correspondence allows to compute the conformal
dimension of the lowest operator of charge q̂. In both cases we have computed both the
perturbation series and the exponentially suppressed non-perturbative corrections. In the
case of the sphere, resurgence leaves us with an ambiguity in the non-perturbative contri-
bution, which we are able to resolve in two ways: via a (simpler) resurgent analysis of the
Dawson’s function, and using a geometric interpretation in terms of quantum mechanics of
particles propagating along geodesics on the compactification manifold. The latter method
provides an interesting geometric interpretation of the non-perturbative corrections of the
problem as well of its Borel ambiguities and allows us to propose an exact form of the
grand potential, valid for any value of q̂, which we verify to high precision numerically.
The fact that the non-perturbative corrections are finite-volume effects related to the
geometry of the compactification manifold seems to be a robust feature independent of the
double-scaling limit. This motivates us further to extend our results to the regime of large
charge but finite N, conjecturing that the large-charge expansion is always asymptotic and










— which is consistent with the lattice results of [4, 5]. The nonperturbative contributions
that we find are due to the eft itself being an asymptotic expansion and dominate over
ordinary qft instantons.
Our observations lead the way to a number of further applications of resurgence in
the context of large charge. The first natural extension is to d 6= 3 [7]. Even- and odd-
dimensional spheres are known to behave differently [43] (the heat kernel trace is convergent
in odd dimensions) and it would be interesting to see how this reflects in the resurgence
analysis at large charge. Another possibility is to build on the results of a different double-
scaling limit, studying the Wilson-Fisher point at large charge in the ε-expansion [26,
50–60]. In the same spirit, it would be interesting to perform a resurgence analysis of


















Probably the most interesting issue is the one of the behavior of the large-charge
expansion of a generic model. Here we have conjectured a precise relationship between
the perturbative eft and the leading non-perturbative corrections. It would be most
interesting to prove (or falsify) this and to explore the applicability of this type of reasoning
to more general efts.
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A Large charge at large N
In this appendix, we briefly summarize the results of [6] (for an extended discussion, see
the original paper). Our starting point is the action for the O(2N) vector model in 2 + 1





dt dM [∂µϕ∗i ∂µϕi + (ξR+ λ)ϕ∗iϕi] , (A.1)
whereM is the compact two-dimensional manifold of volume V on which we are working,
R is its Ricci-scalar, ξ = 1/8 is the conformal coupling and λ is the Lagrange-multiplier
that was promoted to a field with a Hubbard-Stratonovich transformation [66, 67].
We want to calculate the canonical partition function for the case that we fixed the
charge corresponding to the Cartan generator which rotates the field ϕN , which corresponds
to restricting our attention to the completely symmetric representation of rank Q (for an
extended discussion of charge fixing in the O(2N) vector model, see section 4.1 in [3], see















































where T is the inverse length of the time circle. The integral of the first N − 1 fields ϕi is















dt dM [(DµϕN )∗DµϕN + (ξR+ λ)ϕ∗NϕN ] . (A.7)
The path integral localizes around the saddle point obtained from minimizing the action




+ u, λ = µ2 − ξR+ λ̂ = m2 + λ̂. (A.8)
The parameter µ is the mass with respect to the Laplace-Beltrami operator 4 , while m is
the mass with respect to the conformal Laplacian 4 − ξR.
The free energy is obtained by minimizing


















setting the fluctuations to zero:












θ2T 2 + µ2
)
. (A.10)
This last expression needs to be minimized:
∂θ: −iQ+ V A2θT = 0,











V A2µ = 0,
∂A: θ2T 2 + µ2 = 0,
(A.11)
which we can rearrange asθT = iµ,Q = −iV A2θT = −V A2µ = (N − 1) ∂µTr [log(− ∂20 −4 + µ2)] . (A.12)
If we take the double scaling limit
Q→∞, N →∞, Q2N = q̂ fixed, (A.13)

















The free energy at the saddle takes the form
F (q̂) = −T log(Z(Q)) = 2N
[




















− ∂20 −4 + µ2
)))
. (A.15)
One can read these equations as the free energy being the Legendre transform of the
functional determinant, which is naturally identified with the grand potential (Landau
free energy)11
f(q̂) = F (q̂)2N = supµ
(µq̂ − ω(µ)), (A.16)
where




− ∂20 −4 + µ2
))
. (A.17)
We are interested in studying the theory on different manifolds, so it is convenient to












































Using the fact that our geometry is a product S11/T ×M, we can separate the S1 part. The











2n2T 2t = θ3(0, e−4π










where the prime indicates that the sum runs over the non-zero modes. At zero temperature








































11Since we are working at leading order in N it is convenient to use the free energy and grand potential per
degree of freedom. The corresponding extensive quantities are related by a similar Legendre transformation






















and the free energy is











where we have used the difference-differential equation
d
dµζ(s|M, µ) = −2µζ(s+ 1|M, µ). (A.27)
These expressions are exact in the limit of N → ∞ for any value of q̂ = Q/N and can be
interpreted as a semiclassical resummation of infinite 1/N corrections.
B The Borel transform











where we assumed a generic large order behavior of ak as in eq. (2.31) with b ≡ max{bk}, β ≡
max{βk}. This ensures that the series defined by B {Φ} is convergent in a disc centered at
the origin of the ζ-plane, also denoted as Borel plane. The analytic properties of the Borel









1− ζ /Aβ + regular. (B.2)















Using the definition of Gamma function, it is evident that S {Φ} (z) ∼ Φ(z) as z → 0+.
However, if the integral is well-defined, it defines a function computable for all values of z,
which represents the “sum” of the divergent series Φ. This function is unambiguous unless
B{Φ} presents singularities along the integration path.12 In this case one needs to define
a directional summation Sθ by integrating along the ray with angle θ in the Borel plane:
the formula in eq. (B.3) corresponds to the case θ = 0.
A ray θ along which B{Φ} has singularities is a Stokes ray and the Borel resummation
becomes ambiguous there. One then defines lateral summations Sθ± by deforming the

















contour of integration to avoid the singularities. This indicates the emergence of a branch
cut for Arg(z) = θ for the Borel resummation, with a discontinuity computed as
[Sθ+ − Sθ− ]{Φ} = −[Sθ− ◦Discθ]{Φ}. (B.4)
This discontinuity is purely non-perturbative, as one can see from the example in eq. (B.2)
where θ = 0:13




1/β = −Disc0{Φ}. (B.5)
Given a non-Borel summable perturbative series Φ(0), the quantity Disc{Φ(0)} provides the
structure of non-perturbative terms that one has to add to the trans-series completion in
eq. (2.23), and the large-order behavior in eq. (2.31) follows applying Cauchy’s integral
representation. The lateral Borel summation of the general trans-series is defined as




−Ak/z1/βk z−bk/βk Sθ±{Φ(k)}(z). (B.6)
This will not define a unique resurgent function for Arg(z) = θ unless we somehow fix the
(non-perturbative) ambiguity related to the integration path. This can be done by imposing
extra conditions on the lateral Borel sums, which determine the trans-series parameters
σ±k in such a way that the ambiguity is removed. When this is possible, we achieved
“semiclassical decoding” in the terminology of [68].
C Lipatov’s instantons
The non-perturbative effects that we have discussed in this work come from the fact that
the effective action is by itself an asymptotic expansion, meaning that its Wilson coefficients
are responsible for the factorial growth. This is different from the ordinary factorial growth
related to the presence of instantons, and manifest themselves in the diagram proliferation
in the quantum perturbative expansion. Here we follow the discussion of Lipatov [69] to
show that these effects are subleading with respect to the ones we have discussed.
Consider the leading term in the effective action in eq. (5.2),
L = ω0‖dχ‖3. (C.1)
To quantize we expand around the fixed-charge solution χ = µt. It is convenient to expand
χ into ground state and massless fluctuations χ̂, rescaled as
χ(t, x) = µt+ µχ̂(t, x). (C.2)
The action is then
L(χ) = ω0µ3
[
(1 + ∂0χ̂)2 − (∂iχ̂)2
]3/2
≡ ω0µ3L(χ̂). (C.3)
13Notice that S acts formally as an operator on power series with integer positive powers only, so that

















Perturbation theory around the solution χ̂ = 0 is defined by expanding the Lagrangian in
power series of derivatives. The loop counting parameter is g ≡ 1/(ω0µ3) since propagators
are proportional to 1/g and any vertex carries a factor of g. The (grand-canonical) partition











We can estimate the leading behavior of the Zn for large n the expression in terms of a









For n → ∞ the integral can be solved via saddle point approximation for both the path
























Assuming the existence of a finite-action solution to these equations, the value S̄ of S[χ̂] at
the saddle does not depend on n or on g, so the second equation implies that at the saddle









gn = en log(n)−n(log(S̄)+1) ≈ n!√
2πnS̄n
gn
≈ n!µ−3n ≈ n!Q−3n/2.
(C.8)
We find that the quantum effects lead to a divergent series in g whose coefficients grow like
n! (as opposed to the (2n)! that we have encountered in section 2.3). This is the growth
related to diagram proliferation when one takes the leading order of eq. (5.2) as an action.




3) ≈ O(e−Q3/2) (C.9)




D Optimal truncation in the double-scaling limit
In the double-scaling limit we know all the series coefficients of ω, so it is possible to
compute the Borel transform and evaluate the free energy to any given precision. This is

















calculations on the lattice to find the first few coefficients. In this appendix, we show what
kind of results to expect for the optimal truncation using the results in the double-scaling
limit. More sophisticated analysis such as Borel-Padé and conformal mappings [70] can
lead to significant improvement on the optimal truncation estimates.




















In the main text we show that if for large values of n the coefficients ωn grow like
ωn ∼ (βn)!A−n, (D.2)





and the error in the truncation is of the order
ε(m) ∼ e−(Ar2m2)1/β . (D.4)





so A = 4π2, β = 2 and the optimal truncation is for
N∗ ≈ πrm. (D.6)
Using the fact that for large values of q̂, the coefficientm scales as rm ∼
√
q̂ (see eq. (2.44)),
we find that in the expansion of grand potential, and of the free energy, the optimal




In figure 6 we compare the asymptotic expansion truncated at the N -th term with the
convergent small-charge expansion. Empirically we observe that the optimal truncation
for m < 0.5 (corresponding to q̂ ' 0.314 . . . ) is at N = 3 terms until we hit the boundary
where the convergent expansion cannot be trusted anymore. This is quite close to the
asymptotic estimate above that would give N∗ / 3 in this regime.
E Trans-series representation of the Dawson’s function
In this appendix we construct the trans-series representation of the Dawson’s function
appearing in section 2.3. We will show that no non-perturbative ambiguities are left to fix


























Figure 6. Left: grand potential ω as function of m in the small charge expansion and for different
numbers of terms. The small-charge expansion breaks down in the red-shaded region. Right: error
in the truncation w.r.t. the exact small-charge expansion.
and follows the one used in Euler’s and Riccati’s ode [13]. The Dawson’s function is the
unique solution of the following Cauchy problem:
dF
dz + 2zF (z) = 1, F (0) = 0. (E.1)
It is evident that z =∞ is a critical point of the ode. One may attempt to find a solution














for z →∞. (E.2)
This solution has the following problems: (a) it is an asymptotic series, and it holds only at
the formal level; (b) there is no constant of integration one can fix via the initial condition.








)ζk+1 = 12√π ζ1− ζ , (E.3)
The series is not Borel summable because of the singularity at ζ = 1, and the appropriate








The discontinuity between the lateral summations reads








This expression is a solution to the homogeneous ode. We can then write the general
solution to the ode as a trans-series centered at z = ∞ as with a single trans-series

























Its lateral Borel sum reads











1− ζ + σ±e
−z2 , (E.7)
which is easily proven to be a solution of the inhomogeneous ode.
To fix the trans-series parameter we can impose the result to be real for z real,
which sets






so that the coefficients of the non-perturbative exponentials are purely imaginary. The
real part of σ± is left unfixed and corresponds to the integration constant which had
disappeared when we had attempted a power series ansatz for the solution. A general
boundary condition sets its value as





For F (0) = 0 we have Reσ± = 0, so that the reality condition is sufficient to fix the
whole non-perturbative ambiguity. Also note that this fixed version of the trans-series
resummation coincides with the definition of the Dawson’s function:
















−z2 erfi(z) ≡ F (z), z > 0. (E.10)
Since the factorial growth of the Dawson’s function is the one driving the one observed in
the heat trace, grand potential and free energy, we can conclude that a reality condition is
sufficient to fix all non-perturbative ambiguities.
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